A generalization of the Meir–Keeler type contraction  by Chi, Kieu Phuong et al.
Arab Journal of Mathematical Sciences (2012) 18, 141–148King Saud University
Arab Journal of Mathematical Sciences
www.ksu.edu.sa
www.sciencedirect.comORIGINAL ARTICLEA generalization of the Meir–Keeler
type contraction
Kieu Phuong Chi a, Erdal Karapınar b,*, Tran Duc Thanh a
a Department of Mathematics, Vinh University, 182 Le Duan, Vinh City, Viet Nam
b Department of Mathematics, Atilim University, _Incek, 06836 Ankara, Turkey
Received 4 June 2011; revised 22 January 2012; accepted 3 March 2012
Available online 15 March 201213
an
Pe
U
ht
*
E-
(EKEYWORDS
Fixed point theorems;
The Meir–Keeler
contraction;
T-contraction19-5166 ª 2012 King
d hosting by Elsevier
er review under re
niversity.
tp://dx.doi.org/10.1016
Corresponding author
mail addresses: chid
. Karapınar), trducthaS
B
sp
/j
. T
h
nAbstract In this paper, we prove a ﬁxed point theorem which has applications
on maps called T-contractions which include a class that satisﬁes the Meir–
Keeler type contractive condition. We also present an example that illustrates
that T-contractions are a natural extension of the Meir–Keeler type contraction.
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All rights reserved.1. Introduction and preliminaries
It is a fact that the ﬁxed point theory has applications not only in many areas of
Mathematics but also in many branches of quantitative sciences such as Econom-
ics and Computer Sciences. The most famous result in this ﬁeld is known as the
Banach Contraction Principle [3] which states that each contraction T on aaud University. Production
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142 K.P. Chi et al.complete metric space (X, d) has a unique ﬁxed point. Here d denotes a given met-
ric on X. A self-mapping T:Xﬁ X is called a contraction if there exists a constant
k 2 [0,1) such that d(Tx,Ty) 6 kd(x,y).
In the literature one of the elegant generalizations of the Banach Contraction
Principle is called the Meir–Keeler Contraction Principle [8]. Meir–Keeler contrac-
tion has many extensions studied by many authors in the area (see [1,2,7,9,11]). In
this article, we introduce new extensions from the view point of T-contractions
which are extensively developed in [4,5,10].
We now state the theorem of C´iric´ [6] which is more general and therefore more
suitable than Meir–Keeler’s theorem [8] for our purposes.
Theorem 1. Let T be a self-mapping on a complete metric space XGiven e > 0 there exists d > 0 such that
e 6 dðx; yÞ < eþ dimplies that dðTx;TyÞ < e: ð1:1ÞThen T has a unique ﬁxed point z 2 X.
Deﬁnition 2 (see e.g. [5,10]). Let T and S be two self-mappings on a metric space
(X,d). A mapping S is said to be a T-contraction if there exists k 2 (0,1) such
thatdðTSx;TSyÞ 6 kdðTx;TyÞ ð2Þfor each x, y 2 X.
It is clear that if we choose Tx= x for all x 2 X then a T-contraction becomes a
contraction. We would like to present an example for Deﬁnition 2.
Example 3. Let X= [1,1) with the usual metric d(x,y) = Œx  yŒ induced by
ðR; dÞ. Consider the following self-mappings TðxÞ ¼ 2 1x and Sx= 6x on X. It is
clear that S is not a contraction. On the contrary,dðTSx;TSyÞ ¼ 2 1
6x
 2þ 1
6y

¼ 16
1
y
 1
x

¼ 16 2
1
x
 2þ 1
y

¼ 16dðTx;TyÞ:Deﬁnition 4 (see e.g. [4,10]). Let (X,d) be a metric space. A mapping T:Xﬁ X is
called sequentially convergent if the statement {Tyn} is convergent implies that {yn}
is a convergent sequence for every sequence {yn}.2. Main results
We start this section with the ﬁrst of our main theorems.
A generalization of the Meir–Keeler type contraction 143Theorem 5. Let (X, d) be a complete metric space. Let T:Xﬁ X be an injective,
continuous and sequentially convergent mapping. If a self-mapping S of X satisﬁes
the condition:Given e > 0 there exists d > 0 such that
e 6 dðTx;TyÞ < eþ dimplies that dðTSx;TSyÞ < e; ð2:1Þthen S has a ﬁxed point z 2 X and limnﬁ1Tnx = z for every x 2 X.
Proof. Let T and S be the maps deﬁned in Theorem 5. Let x0 2 X be an arbitrary
point. We construct two iterative sequences {xn} and {yn} in the following way:xnþ1 ¼ Sxn ¼ Snþ1x0 and yn ¼ Txn ð2:2Þ
for n= 0,1,2, . . . . Notice that if yn0þ1 ¼ yn0 holds for some n0 2 N then Txn0þ1 ¼
Txn0 . Since T is an injective mapping, xn0þ1 ¼ xn0 if and only if Sxn0 ¼ xn0 . Thus,
xn0 is a ﬁxed point of S. Therefore, we suppose thatynþ1 – yn ð2:3Þ
for n 2 N. Regarding (2.3), we havedðyn; ynþ1Þ > 0 ð2:4Þ
for n= 0,1,2, . . .. Due to (2.1), the sequence K= {d(yn,yn+1)} = {d(Txn,Txn+1)}
of real numbers is non-increasing and is bounded below by 0. Hence, K converges
to e0P 0, the greatest lower bound of K, that is,lim
n!1
dðyn; ynþ1Þ ¼ e0:
We assert that e0 = 0. Assume on the contrary that e0 > 0. Then, there exists
d0 = d(e0) and there exists some m 2 N such thate0 6 dðym; ymþ1Þ ¼ dðTxm;Txmþ1Þ < e0 þ d0:
By (2.1), this implies thatdðTSxm;TSxmþ1Þ ¼ dðTxmþ1;Txmþ2Þ ¼ dðymþ1; ymþ2Þ < e0
which contradicts the fact that e0 is the greatest lower bound of S. Thus, we obtain
thatlim
n!1
dðyn; ynþ1Þ ¼ lim
n!1
dðTxn;Txnþ1Þ ¼ 0: ð2:5Þ
We show that {yn} is a Cauchy sequence. Take e > 0 and choose d = d(e) in
such a way that d 6 e. Regarding (2.5), there exists some positive integer M such
thatdðyn1; ynÞ ¼ dðTxn1;TxnÞ < d for all n > M: ð2:6Þ
144 K.P. Chi et al.Now, let us ﬁx n>M. To conclude that {yn} is a Cauchy sequence, it is sufﬁ-
cient to show thatdðyn; ynþpÞ ¼ dðTxn;TxnþpÞ 6 e ð2:7Þfor p= 1,2, . . . . We prove (2.7) by induction. Since d 6 e, the inequality (2.7) for
the case p= 1 follows from (2.6) and (2.1). Now, suppose that (2.7) holds for
some ﬁxed p 2 N. Then by (2.6) and the assumption we have,dðTxn1;TxnþpÞ ¼ dðyn1; ynþpÞ 6 dðyn1; ynÞ þ dðyn; ynþpÞ < dþ e:
Thus, by (2.1), we getdðTSxn1;TSxnþpÞ ¼ dðTxn;Txnþpþ1Þ ¼ dðyn; ynþpþ1Þ 6 e: ð2:8Þ
Thus we proved that (2.7) holds for all p 2 N and hence {yn} is a Cauchy
sequence. Since X is complete, there exists a w 2 X such thatlim
n!1
yn ¼ lim
n!1
Txn ¼ lim
n!1
TSnx0 ¼ w: ð2:9Þ
Since T is sequentially convergent, {xn} = {S
nx0} converges to some point in X,
say z. By the continuity of T, we have Tz= w. Also, since TS is continuous, we
havew ¼ lim
n!1
ynþ1 ¼ lim
n!1
TSxn ¼ TSz:
We obtain TSz= Tz. Since T is injective, we get Sz= z. To conclude the proof,
let us show that z is a unique ﬁxed point of S. Assume the contrary, that is, there
exists w 2 X such that w „ z and Sw= w. Thus, d(z,w) > 0 and since T is injective
d(Tz,Tw) > 0. Given e> 0, there exists d= d(e) such that e 6 d(Tz,Tw) < e+ d.
Due to (2.1), we get d(TSz,TSw) = d(Tz,Tw) < e which is a contradiction. h
The following theorem is an extension of the main result of [1].
Theorem 6. Let (X,d) be a complete metric space and F:Xﬁ X be a continuous
map. Let T:Xﬁ X be an injective, continuous and sequentially convergent mapping.
Suppose for each e> 0 there exists d > 0 such that for x,y 2 X we have thate 6MTðx; yÞ < eþ d implies dðTFx;TFyÞ < e; ð2:10ÞwhereMTðx;yÞ¼max dðTx;TyÞ;dðTx;TFxÞ;dðTy;TFyÞ;1
2
½dðTx;TFyÞþdðTy;TFxÞ
 Then there exists a unique x 2 X with x = Fx.
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and {yn} in the following way:xnþ1 ¼ Fxn ¼ Fnþ1x0 and yn ¼ Txn for n ¼ 0; 1; 2; . . . ð2:11Þ
Notice that if yn0þ1 ¼ yn0 holds for some n0 2 N then Txn0þ1 ¼ Txn0 . Since T is
an injective mapping, xn0þ1 ¼ xn0 if and only if Fxn0 ¼ xn0 . Thus, xn0 is a ﬁxed point
of F. Therefore, we suppose thatynþ1 – yn ð2:12Þ
for every n 2 N. Hence dn = d(yn+1,yn) > 0 for all n 2 N. Now, we claim that {yn}
is a Cauchy sequence. If dn1 < dn for some n 2 N then we haveMTðxn1; xnÞ ¼ max dðTxn1;TxnÞ; dðTxn1;TFxn1Þ; dðTxn;TFxnÞ;f
1
2
½dðTxn1;TFxnÞ þ dðTxn;TFxn1Þ

¼ max dðyn1; ynÞ; dðyn1; ynÞ; dðyn; ynþ1Þ;
1
2
dðyn1; ynþ1Þ
 
6 max dðyn; ynþ1Þ; dðyn1; ynÞ;
1
2
dðyn1; ynÞ þ dðyn; ynþ1Þ
 
< dðyn; ynþ1Þ þ dðyn1; ynÞ ¼ dn þ dn1 ð2:13Þ
andMT(xn1,xn)P d(yn1,yn) = dn1. We are able to calculate a concrete value of
MT. Namely, MT(xn1,xn) is equal to dn, what account of (2.10) leads todn ¼ dðyn; ynþ1Þ ¼ dðTFxn1;TFxnÞ < dn;
a contradiction. Therefore dn 6 dn1 for all n. Thus {dn} is a non-increasing
sequence of positive real numbers and there exists r> 0 such that limnﬁ1
dn = infndn = r. We assert that r= 0. If r> 0 then there exists d > 0 such thatr 6MTðx; yÞ < rþ d implies dðTFx;TFyÞ < r:
Since limnﬁ1dn = infndn = r, there exists a positive integer N such thatr < dn < rþ d
for every nP N. It follows from (2.13) and d(yn,yn+1) 6 d(yn1,yn) thatMTðxn1; xnÞ ¼ dðyn1; ynÞ ¼ dn1:
Hence, if nP N+ 1 thenr < MTðxn1;xnÞ < rþ d
and this implies that d(TFxn1,TFxn) = d(yn,yn+1) < r. We get a contradiction.
Therefore limnﬁ1dn = infn dn = 0. Next, we show that {yn} is a Cauchy sequence.
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d(yn(k),yn(k+1)) > 2e. For this e, there exists d such thate 6MTðx; yÞ < eþ d implies dðTFx;TFyÞ < e:
Set d0 = min{e,d}. Since limnﬁ1dn = infndn = 0, there exists N 2 N such that
dm <
d0
4
for mP N. Let n(k)P N. If dðynðkÞ; ynðkþ1Þ1Þ 6 eþ d2 thendðynðkÞ; ynðkþ1ÞÞ 6 dðynðkÞ; ynðkþ1Þ1Þ þ dðynðkþ1Þ1; ynðkþ1ÞÞ 6 eþ
d0
2
þ d0
4
< 2e:We achieve a contradiction with d(yn(k),yn(k+1)) > 2e. Hence, there are integers l
with n(k) 6 l 6 n(k+ 1) such thatdðynðkÞ; ylÞ > eþ
d0
2
:Let l be the smallest integers with lP n(k) such thatdðynðkÞ; ylÞP eþ
d0
2
:Then we obtaindðynðkÞ; yl1Þ < eþ
d0
2
:We havedðynðkÞ; ylÞ 6 dðynðkÞ; yl1Þ þ dðyl1; ylÞ < eþ
d0
2
þ d0
4
¼ eþ 3d0
4
:Thus, there exists an integers l with n(k) 6 l 6 n(k+ 1) such thateþ d0
2
6 dðynðkÞ; ylÞ < eþ
3d0
4
:SincedðynðkÞ; ylÞ < eþ
3d0
4
< eþ d0
dðynðkÞ; ynðkÞþ1Þ ¼ dnðkÞ <
d0
4
< eþ d0
dðxl;xlþ1Þ 6 dl < d0
4
< eþ d0and1
2
½dðynðkÞ;ylþ1Þþ dðynðkÞþ1;ylÞ6
1
2
½dðynðkÞ;ylÞþ dðyl;ylþ1Þþ dðynðkÞþ1;ynðkÞÞþ dðynðkÞ;ylÞ
¼ dðynðkÞ;ylÞþ
1
2
½þdðyl;ylþ1Þþ dðynðkÞþ1;ynðkÞÞ
6 eþ 3d0
4
þ d0
4
¼ eþ d0
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It follows thatdðynðkÞþ1; ylþ1Þ ¼ dðTFxnðkÞ;TFxlÞ < e:
On the other handdðynðkÞþ1;ylþ1ÞP dðynðkÞ;ylÞ dðynðkÞ;ynðkÞþ1Þ dðyl;ylþ1Þ> eþ
d0
2
 d0
4
 d0
4
¼ e;a contradiction. Hence {yn} is a Cauchy sequence. Since (X, d) is complete, there
exists y 2 X such thatlim
n!1
yn ¼ lim
n!1
Txn ¼ y:
Since T is sequentially convergent, we deduce that {xn} converges to x 2 X. By
continuity of F, we have x= limnﬁ1xn+1 = limnﬁ1Fxn = Fx. It remains to
prove the uniqueness. If y= Fy with y „ x thenMTðx; yÞ ¼ dðTx;TyÞ > 0:
By the condition (2.10), we havedðTx;TyÞ ¼ dðTFx;TFyÞ < dðTx;TyÞ:
This is a contradiction. h
If we choose Tx= x for all x 2 X then Theorem 5 implies Theorem 1. The fol-
lowing example is an illustration for our extension.
Example 7. Let X= [1, +1) with metric induced by R : dðx; yÞ ¼ jx yj: Then
X is a complete metric space. Consider the function Sx ¼ 8ﬃﬃ
x
p for all x 2 X. It is easy
to see that x= 4 is the unique ﬁxed point of S. We will claim that S do not satisfy
the Theorem 1. Indeed, for each e> 0 and x,y 2 X satisfyinge 6 dðx; yÞ ¼ jx yj < eþ d
for some d > 0, we havedðSx;SyÞ ¼ 8ﬃﬃﬃ
x
p  8ﬃﬃﬃ
y
p

 ¼ 8 jx yjﬃﬃﬃﬃﬃxyp ð ﬃﬃﬃxp þ ﬃﬃﬃyp ÞP e
if ﬃﬃﬃﬃﬃ
xy
p ð ﬃﬃﬃxp þ ﬃﬃﬃyp Þ 6 8:
148 K.P. Chi et al.Hence, the condition (1.1) does not hold for any d. Now, we will show that S
satisﬁes Theorem 5. To do this, we consider the map T: [1, +1)ﬁ [1, +1)
deﬁned byTx ¼ lnðxþ 1Þ; x 2 X:
Observe that T is continuous, sequentially convergent, injective. For each e> 0,
if we choose d ¼ e
3
ande < dðTx;TyÞ ¼ j ln x ln yj < eþ d ¼ 4
3
ethendðTSx;TSyÞ ¼ ln 8ﬃﬃﬃ
x
p  ln 8ﬃﬃﬃ
y
p

 ¼ 12 j ln x ln yj <
2
3
e < e:This shows that S satisﬁes Theorem 5.Acknowledgement
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